Introduction
Material strength is fundamentally understood in terms of bond switching at the atomic level of crystals. For example, the characteristics of dislocations governs the plastic deformation, and the local high strain often induces phase-transformation. In recent years, small atomic components such as nano-films, nano-tubes (wires) and nano-dots have been developed due to remarkable advancement in manufacturing technology. Single bond-switching in a component sometimes causes the fatal malfunction of a device; therefore, it is important to precisely understand the instability characteristics of atomic structures. An exact analytical method to evaluate the mechanical instability has been proposed, considering the energy balance with respect to all the degrees of freedom of atoms [1] . This method rigorously evaluates the criterion of mechanical instability in inhomogeneous atomic systems under external stress or strain. Thus, this method is capable of elucidating the nature of various mechanical instabilities. However, it cannot be substantively applied to a large-scale atomic system because of the enormously-increasing computational load with respect to the number of atoms.
In this paper, we propose a simplified method to evaluate the mechanical instability by reasonably reducing the degrees of freedom through the introduction of linear elements. The validity and computational efficiency of the proposed method is verified by application to a nanoscale cracked body under tension. [2] Considering a system that consists of N atoms in the equilibrium state at 0 K, the atomic configuration can be described by the vector, ) , , ,..., , , , (
Proposal of a simplified analysis method
where r i α (i=x, y, z) denotes the coordinate of atom α. Arbitrary deformation of the atomic system is described by the change in X, and the number of degrees of freedom (DoF) in the deformation is M=3N-6, since a part of atomic coordinates are fixed to exclude the rigid body translation and rotation modes.
According to the instability analysis [1] , the mechanical instability of the system under a load can be evaluated by the positiveness of the minimum eigenvalue of the M×M Hessian matrix, A, which consists of the second derivative of potential energy with respect to the atomic coordinates. Denoting the eigenvalues of the matrix A as η m (η 1 <…<η m <…<η M ), the minimum one is positive, η 1 >0, when the system is stable. In other words, the system becomes unstable when η 1 reaches a zero or negative value. The instability criterion is, then, given by η 1 =0. The eigenvector, p 1 , corresponding to η 1 =0, represents the deformation at the instability configuration. namely, the unstable mode. However, for a system consisting of a large number of atoms, the computational load becomes too heavy to compute the eigenvalues.
In an attempt to reduce the freedom in the computation, a part of the atomic system divided into elements and the displacement of atoms in the element is described by a function of the nodal coordinates. Let us consider the concept applied to a structure of atoms with a crack. In the area far from the crack, the element includes many atoms because the strain gradient in the element is moderate. On the other hand, the number of atoms in the element decreases in the region near the crack-tip, and the freedom of each atom is taken into account in the area where the unstable deformation occurs preferentially.
Denoting the number of atoms and nodes in the system as N' atom and N' node , respectively, the structure can be described by the vector,
where R i α (i=x, y, z) denotes the i-th coordinate of node. Since each node contains a lot of atoms, the number of degree of freedom is now reduced to be M'=3(N' atom + N' node -6, which is much smaller than the original one, M=3N-6. Hence, the size of matrix to be computed in instability analysis, A', is now decreased dramatically, to be M'×M'. In this study, the atomic behavior inside a node can be approximated by a linear interpolation, namely, the linear element. Figure 1(a) shows the simulation model of a Cu fcc crystal with a crack. The embedded atom method (EAM) potential for Cu is employed to evaluate interaction among atoms. The red spheres on the top and bottom in the model indicate atoms at the boundary, the displacements of which are controlled during tensile simulations explained below. The total number of atoms is 4249, and 540 of these are the boundary atoms. Note that a relatively-small model is chosen so that a precise instability evaluation can be performed since we aim to evaluate the reliability of the proposed instability analysis. Tensile simulations in the z direction were conducted by applying an increment of nominal strain, ∆ε zz to the upper boundary atoms. At each strain step, the atoms other than the boundary are fully relaxed until all the forces are less than 1.0×10 -9 nN.
Simulation procedure

Results and discussion
Figure 1(b) shows the relationship between the nominal stress and the applied nominal strain. After the stress reaches the maximum of 5.10 GPa at ε zz =0.0434, it gradually decreases and drops dramatically. After the stress drop, the dislocation emission occurs from a crack tip by the observation of change in atomic structure. The precise instability analysis which considers all the degrees of freedom for the atoms is carried out for the fully-relaxed atomic configuration at each strain. The total number of degrees of freedom is 11127 in this case. Figure 2(a) shows the minimum eigenvalue as a function of tensile strain. The minimum eigenvalue gradually decreases with increasing strain. A sharp drop then begins at around ε zz =0.04. As the strain is applied, η 1 decreases, and it definitely reaches 0 at ε zz =0.0434. This indicates that the system becomes unstable at the strain which corresponds to the drastic drop in the stress in Fig. 1(b) . Figure 2(b) shows the eigenvector near the crack-tip at the critical strain, namely, the unstable deformation mode. The dominant vectors are found near the junction between the crack-tip and surface, and they represent the shear-mode displacements along the slip plane depicted in Fig.1(a) . This indicates that the instability is caused by the dislocation emission from the crack-tip. To apply the proposed instability analysis, atomic structure should be devided into elements. However, Case A has large deviation from the 'Precise' result near the unstable point, which is due to the insufficiency in degrees of freedom. On the other hand, Cases B and C accurately reproduce the 'Precise' result, which indicates that more than 2000 degrees of freedom is sufficient enough to describe relationship between the minimum eigenvalue and tensile strain, and at the same time, the approximate accuracy of the simplified method is confirmed. It should be noted that not only the eigenvalues, but also the unstable mode vectors are also wellreproduces for Cases B and C, although it is not shown here.
Since 2000 degrees of freedom are sufficient enough for the proposed method, the size of the Hessian matrix, A is reduced by approximately 1/25 compared with the exact original formula.
For the investigation of mechanical instability in a large-scale atomic structure, a simplified method is presented in this study that can describe unstable deformation with reduced degrees of freedom by introducing linear elements. The proposed method is applied to a three-dimensional cracked atomic structure under tension, and it can successfully reproduce the minimum eigenvalue of the Hessian matrix of the potential energy before the dislocation emission and its deformation mode near the crack tip. The computational load is considerably reduced in comparison with the original precise method, and this enables us to address the mechanical instability in a large-scale atomic system.
